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In this paper we obtain some weighted integral estimates for differential forms
which are generalizations of the Poincare´ inequality, the Caccioppoli-type estimate,
and the weak reverse Ho¨lder inequality, respectively. These results can be used
to study the integrability of differential forms and to estimate the integrals for
differential forms. © 2001 Academic Press
1. INTRODUCTION
Let e1 e2     en be the standard unit basis of Rn. For l = 0 1     n,
we use ∧l = ∧lRn to denote the linear space of l-vectors, spanned by
the exterior products eI = ei1 ∧ ei2 ∧ · · · eil , corresponding to all ordered
l-tuples I = i1 i2     il 1 ≤ i1 < i2 < · · · < il ≤ n. The Grassmann
algebra ∧ = ⊕∧l is a graded algebra with respect to the exterior products.
For α = ∑αIeI ∈ ∧ and β = ∑βIeI ∈ ∧, the inner product in ∧ is given
by 	αβ
 =∑αIβI with summation over all l-tuples I = i1 i2     il and
all integers l = 0 1     n.
We always suppose that  is a connected open subset of Rn throughout
this paper. We write R = R1. Balls are denoted by B and σB is the ball with
the same center as B and with diamσB = σdiamB. The n-dimensional
Lebesgue measure of a set E ⊆ Rn is denoted by E. We call w a weight
if w ∈ L1locRn and w > 0 a.e.
Differential forms are interesting and important generalizations of real
functions and distributions. Speciﬁcally, a differential l-form ω on  is a
de Rham current (see [8, Chap. III]) on  with values in ∧lRn. Note a 0-
form is the usual function in Rn. Many interesting results and applications
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of differential forms have recently been found; see [1–3, 6–9]. The objective
of this paper is to establish some basic estimates for Aλr -weighted inte-
grals of differential forms. We use D′∧l to denote the space of all
differential l-forms ωx = ∑I ωIxdxI = ∑ωi1i2···ilxdxi1 ∧ dxi2 ∧ · · · ∧
dxil . We write L
p∧l for the l-forms with ωI ∈ Lp, R) for all ordered
l-tuples I. Thus Lp∧l is a Banach space with norm
ωp =
(∫

ωxpdx
)1/p
=
(∫

(∑
I
ωIx2
)p/2
dx
)1/p

Similarly, W 1p ∧l are those differential l-forms on  whose coefﬁcients
are in W 1p R. The Hodge star operator   ∧ → ∧ is deﬁned as follows: If
ω = αi1 i2ikx1 x2     xndxi1 ∧ dxi2 ∧ · · · ∧ dxik i1 < i2 < · · · < ik, is a
differential k-form, then  ω = signπαi1 i2ikx1 x2     xndxj1 ∧ · · · ∧
dxn−k, where π = i1     ik j1     jn−k is a permutation of 1     n
and signπ is the signature of permutation. We know that the Hodge star
operator has the following properties:
(i)  maps k-forms to n− k-forms for 0 ≤ k ≤ n.
(ii) Let e1 e2     en be the standard unit basis of Rn and αβ ∈ ∧.
Then we have  1 = e1 ∧ e2 ∧ · · · ∧ en and α ∧  β = β ∧  α = 	αβ
 1.
The norm of α ∈ ∧ is given by the formula α2 = 	α α
 =  α ∧  α ∈
∧0 = R. The Hodge star is an isometric isomorphism on ∧ with  (from ∧l
to ∧n−l) and   −1ln−l (from ∧l to ∧l). We denote the exterior deriva-
tive by d  D′∧l → D′∧l+1 for l = 0 1     n. Its formal adjoint
operator d  D′∧l+1 → D′∧l is given by d = −1nl+1  d on
D′∧l+1 l = 0 1     n. A differential l-form u ∈ D′∧l is called
a closed form if du = 0 in . Similarly, a differential l + 1-form v ∈
D′∧l+1 is called a coclosed form if d v = 0.
A differential form ω is called an A-harmonic tensor if ω satisﬁes the
A-harmonic equation
d Ax dω = 0 (1.1)
where the operator A  ×∧lRn → ∧lRn satisﬁes the conditions
Ax ξ ≤ aξp−1 and 	Ax ξ ξ
 ≥ ξp (1.2)
for almost every x ∈  and all ξ ∈ ∧lRn. Here a > 0 is a constant and
1 < p <∞ is a ﬁxed exponent associated with (1.1). A solution to (1.1) is
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an element of the Sobolev space W 1p loc∧l−1 such that∫

	Ax dω dϕ
 = 0
for all ϕ ∈ W 1p ∧l−1 with compact support.
The following result appears in [6]: Let Q ⊂ Rn be a cube or a ball.
Then, to each y ∈ Q there corresponds a linear operator Ky  C∞Q∧l →
C∞Q∧l−1 deﬁned by
Kyωx ξ1     ξl =
∫ 1
0
tl−1ωtx+ y − tyx− y ξ1     ξl−1dt
and the decomposition
ω = dKyω +Kydω
We deﬁne another linear operator TQ  C∞Q∧l → C∞Q∧l−1 by
averaging Ky over all points y in Q
TQω =
∫
Q
ϕyKyωdy
where ϕ ∈ C∞0 Q is normalized by
∫
Q ϕydy = 1. We deﬁne the l-form
ωQ ∈ D′Q∧l by
ωQ = Q−1
∫
Q
ωydy l = 0 and ωQ = dTQω l = 1 2     n
for all ω ∈ LpQ∧l, 1 ≤ p <∞.
2. THE Aλr -WEIGHTED POINCARE´ INEQUALITY
Deﬁnition 2.1. We say that the weight wx satisﬁes the Aλr condition
in  r > 1, and 0 < λ < ∞, or that w is an Aλr -weight in , write w ∈
Aλr , if wx > 0 a.e., and
sup
B
(
1
B
∫
B
wdx
)(
1
B
∫
B
( 1
w
)1/r−1
dx
)λr−1
<∞
for any ball B ⊂ .
It is clear that A1r  is the usual Ar-weight (see [4, 5]). The following
generalized Ho¨lder inequality will be used repeatedly.
Lemma 2.2. Let 0 < α < ∞ 0 < β < ∞, and s−1 = α−1 + β−1. If f
and g are measurable functions on Rn, then
fgs ≤ fα · gβ
for any  ⊂ Rn.
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The following version of the weak reverse Ho¨lder inequality appears
in [7].
Lemma 2.3. Let u be a differential form satisfying the A-harmonic
equation (1.1) in σ > 1, and 0 < s t <∞. Then there exists a constant C,
independent of u, such that
us B ≤ CBt−s/stut σB
for all balls or cubes B with σB ⊂ .
Different versions of the Poincare´ inequality have been established in the
study of the Sobolev spaces of differential forms; see [1, 6, 7]. The following
version of the Poincare´ inequality appears in [7].
Lemma 2.4. Let u ∈ D′Q∧l and du ∈ LpQ∧l+1. Then u− uQ is in
W 1p Q∧l with 1 < p <∞ and
u− uQpQ ≤ CnpQ1/ndupQ
for Q a cube or a ball in Rn l = 0 1     n.
We ﬁrst prove the following Aλr -weighted Poincare´ inequality for differ-
ential forms.
Theorem 2.5. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn and du ∈ Ls∧l+1 l =
0 1     n. Suppose that w ∈ Aλr  for some r > 1 and λ > 0. If 0 < α < 1,
σ > 1, and s > αλr − 1 + 1, then there exists a constant C, independent of
u, such that(∫
B
u− uBswαdx
)1/s
≤ CB1/n
(∫
σB
duswαλdx
)1/s
(2.6)
for all balls B with σB ⊂ . Here uB is a closed form.
Proof. Choose t= s/1−α; then 1 < s < t. Since 1/s= 1/t + t − s/st,
by the Ho¨lder inequality, we ﬁnd that(∫
B
u− uBswαdx
)1/s
≤
(∫
B
u− uBwα/ssdx
)1/s
≤
(∫
B
u− uBtdx
)1/t(∫
B
wαt/t−sdx
)t−s/st
= u− uBt B
(∫
B
wdx
)α/s
 (2.7)
Next, choose
m = s
αλr − 1 + 1 
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then m > 1. Since uB is a closed form, by Lemma 2.3 and Lemma 2.4,
we have
u− uBt B ≤ C1Bm−t/mtu− uBmσB
≤ C2Bm−t/mt B1/ndumσB (2.8)
for all balls B with σB ⊂ . Now 1/m = 1/s + s −m/sm. By the Ho¨lder
inequality again, we obtain
dumσB =
(∫
σB
(
duwαλ/sw−αλ/s
)m
dx
)1/m
≤
(∫
σB
duswαλdx
)1/s(∫
σB
( 1
w
)αλm/s−m
dx
)s−m/sm
=
(∫
σB
duswαλdx
)1/s(∫
σB
( 1
w
)1/r−1
dx
)αλr−1/s
 (2.9)
From (2.7), (2.8), and (2.9), we have(∫
B
u− uBswαdx
)1/s
≤ C2Bm−t/tmB1/n
(∫
B
wdx
)α/s
×
(∫
σB
( 1
w
)1/r−1
dx
)αλr−1/s
×
(∫
σB
duswαλdx
)1/s
 (2.10)
Since w ∈ Aλr , then(∫
B
wdx
)α/s(∫
σB
( 1
w
)1/r−1
dx
)αλr−1/s
≤
[(∫
B
wdx
)(∫
σB
( 1
w
)1/r−1
dx
)λr−1]α/s
=
[
σBλr−1+1
(
1
σB
∫
B
wdx
)(
1
σB
∫
σB
( 1
w
)1/r−1
dx
)λr−1]α/s
≤ C3σBαλr−1/s+α/s
≤ C4Bαλr−1/s+α/s (2.11)
Substituting (2.11) into (2.10) and noting m− t/mt = −α/s−αλr− 1/s,
we obtain (∫
B
u− uBswαdx
)1/s ≤ CB1/n(∫
σB
duswαλdx
)1/s

We have completed the proof of Theorem 2.5.
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If we choose λ = 1/α in Theorem 2.5, we have the following version of
the Aλr -weighted Poincare´ inequality.
Corollary 2.12. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn and du ∈ Ls∧l+1 l =
0 1     n. Suppose that w ∈ A1/αr  for some r > 1 and 0 < α < 1. If
s > r, then there exists a constant C, independent of u, such that(∫
B
u− uBswαdx
)1/s
≤ CB1/n
(∫
σB
duswdx
)1/s
for all balls B with σB ⊂ . Here uB is a closed form.
3. THE Aλr -WEIGHTED WEAK REVERSE
HO¨LDER INEQUALITY
Using similar methods, we can prove the following Aλr -weighted weak
reverse Ho¨lder inequality.
Theorem 3.1. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn l = 0 1     n. Suppose
that 0 < s t <∞ σ > 1. If w ∈ Aαr  for some r > 1 and α > 1, then there
exists a constant C, independent of u, such that(∫
B
usw1/αdx
)1/s
≤ CBt−s/st
(∫
σB
utwt/sdx
)1/t
 (3.2)
for all balls B with σB ⊂ .
Note that (3.2) can be written as the symmetric version(
1
B
∫
B
usw1/αdx
)1/s
≤ C
(
1
B
∫
σB
utwt/sdx
)1/t
 (3.3)
Proof. Choose k = αs/α− 1. Then s < k and 1/s = 1/k+ k− s/ks.
Applying the Ho¨lder inequality yields(∫
B
usw1/αdx
)1/s
=
(∫
B
(uw1/αs)sdx)1/s
≤
(∫
B
ukdx
)1/k(∫
B
wk/αk−sdx
)k−s/ks
= ukB
(∫
B
wdx
)1/αs
(3.4)
for all balls B with σB ⊂ . Next, choose m = st/s + tr − 1. Then
m < t. Using Lemma 2.3 we obtain
ukB ≤ C1Bm−k/kmumσB (3.5)
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Since 1/m = 1/t + t −m/mt, by the Ho¨lder inequality again, we have
umσB =
(∫
σB
(uw1/sw−1/s)mdx)1/m
≤
(∫
σB
utwt/sdx
)1/t(∫
σB
(
1/w
)mt/st−m
dx
)t−m/mt
=
(∫
σB
utwt/sdx
)1/t(∫
σB
(
1/w
)1/r−1
dx
)r−1/s
 (3.6)
Combining (3.4), (3.5), and (3.6) we arrive at the estimate(∫
B
usw1/αdx
)1/s
≤ C1Bm−k/km
(∫
B
wdx
)1/αs
×
(∫
σB
(
1/w
)1/r−1
dx
)r−1/s(∫
σB
utwt/sdx
)1/t
 (3.7)
Since w ∈ Aαr , we ﬁnd that(∫
B
wdx
)1/αs(∫
σB
(
1/w
)1/r−1
dx
)r−1/s
≤
((∫
σB
wdx
)(∫
σB
(
1/w
)1/r−1
dx
)αr−1)1/αs
≤
(
σBαr−1+1
(
1
σB
∫
B
wdx
)
×
(
1
σB
∫
σB
(
1/w
)1/r−1
dx
)αr−1)1/αs
≤ C2σBr−1/s+1/αs
= C3Br−1/s+1/αs (3.8)
Finally, substituting (3.8) into (3.7) and using m− k/km = 1/k− 1/m =
1/s − 1/αs − 1/t − r − 1/s, we obtain(∫
B
usw1/αdx
)1/s
≤ CBt−s/st
(∫
σB
utwt/sdx
)1/t

The proof of Theorem 3.1 is completed.
Note that the constant α > 1 is arbitrary in Theorem 3.1. Hence, we can
obtain different versions of the weak reverse Ho¨lder inequality by choosing
α to be different values. For example, we can choose α = t/s in Theorem 3.1
if t > s to obtain the following symmetric form of the weighted weak reverse
Ho¨lder inequality.
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Corollary 3.9. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn l = 0 1     n. Suppose
that 0 < s < t <∞ σ > 1. If w ∈ At/sr  for some r > 1, then there exists a
constant C, independent of u, such that(
1
B
∫
B
usws/tdx
)1/s
≤ C
(
1
B
∫
σB
utwt/sdx
)1/t
 (3.10)
for all balls B with σB ⊂ .
Theorem 3.11. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn l = 0 1     n. Suppose
that 0 < s t < ∞ σ > 1, and 0 < α < 1. If w ∈ As/tr  for some r > 1,
then there exists a constant C, independent of u, such that(
1
B
∫
B
uswαdx
)1/s
≤ C
(
1
B
∫
σB
utwαdx
)1/t
 (3.12)
for all balls B with σB ⊂ .
The proof of Theorem 3.11 is similar to that of Theorem 3.1. For com-
pletion of the paper, we prove Theorem 3.11 as follows.
Proof. Choose k = s/1− α. From the Ho¨lder inequality we have
(∫
B
uswαdx
)1/s
=
(∫
B
(uwα/s)sdx)1/s
≤
(∫
B
ukdx
)1/k(∫
B
wαk/k−sdx
)k−s/ks
= ukB
(∫
B
wdx
)α/s
 (3.13)
Now choose m = t/1+ αr − 1. Then 0 < m < t. By Lemma 2.3 we ﬁnd
that
ukB ≤ C1Bm−k/kmumσB (3.14)
Using the Ho¨lder inequality again, we have
umσB =
(∫
σB
(uwα/tw−α/t)mdx)1/m
≤
(∫
σB
utwαdx
)1/t(∫
σB
(
1/w
)αm/t−m
dx
)t−m/mt
=
(∫
σB
utwαdx
)1/t(∫
σB
(
1/w
)1/r−1
dx
)αr−1/t
 (3.15)
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On the other hand, w ∈ As/tr  yields(∫
B
wdx
)α/s(∫
σB
(
1/w
)1/r−1
dx
)αr−1/t
≤
((∫
σB
wdx
)(∫
σB
(
1/w
)1/r−1
dx
)sr−1/t)α/s
≤
(
σBsr−1/t+1
(
1
σB
∫
B
wdx
)
×
(
1
σB
∫
σB
(
1/w
)1/r−1
dx
)sr−1/t)α/s
≤ C2σBαr−1/t+α/s
= C3Bαr−1/t+α/s (3.16)
Combining (3.13), (3.14), (3.15), and (3.16) we have(∫
B
uswαdx
)1/s
≤ C1Bm−k/km
(∫
B
wdx
)α/s(∫
σB
(
1/w
)1/r−1
dx
)αr−1/t
×
(∫
σB
utwαdx
)1/t
≤ C4Bt−s/st
(∫
σB
utwαdx
)1/t
which is equivalent to (3.12). We have completed the proof of Theorem 3.11.
4. THE Aλr -WEIGHTED CACCIOPPOLI-TYPE ESTIMATE
Lemma 4.1. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn l = 0 1     n, and σ > 1.
Let 1 < s <∞. Then there exists a constant C, independent of u, such that
dus B ≤ CdiamB−1u− cs σB
for all balls B with σB ⊂  and all closed forms c.
The above Caccioppoli-type estimate for differential forms appears in [7].
We prove the following Aλr -weighted Caccioppoli-type estimate for differ-
ential forms.
Theorem 4.2. Let u ∈ D′∧l be a differential form satisfying the
A-harmonic equation (1.1) in a domain  ⊂ Rn l = 0 1     n, and ρ > 1.
Assume that w ∈ Aλr  for some r > 1 and λ > 1. If 1 < s < ∞ is a ﬁxed
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exponent associated with the A-harmonic equation (1.1), then there exists a
constant C, independent of u, such that(∫
B
dusw1/λdx
)1/s
≤ CdiamB−1
(∫
ρB
u− cswdx
)1/s
(4.3)
for all balls B with ρB ⊂  and all closed forms c.
Proof. Choose t = λs/λ − 1. Applying the Ho¨lder inequality and
Lemma 4.1, we have(∫
B
dusw1/λdx
)1/s
=
(∫
B
duw1/λssdx
)1/s
≤
(∫
B
dutdx
)1/t(∫
B
wt/λt−sdx
)t−s/st
= dut B
(∫
B
wdx
)1/λs
≤ C1diamB−1u− ct σB
(∫
B
wdx
)1/λs
 (4.4)
Next, set m = s/r. Then m < s < t. Using Lemma 2.3 yields
u− ct σB ≤ C2Bm−t/mtu− cmρB (4.5)
where ρ = σ2. Substituting (4.5) into (4.4) we ﬁnd that(∫
B
dusw1/λdx
)1/s
≤ C3diamB−1Bm−t/mt
×u− cmρB
(∫
B
wdx
)1/λs
 (4.6)
Now using the Ho¨lder inequality with 1/m = 1/s + s −m/ms, we deduce
u− cmρB =
(∫
ρB
(
u− cw1/sw−1/s
)m
dx
)1/m
≤
(∫
ρB
u− cswdx
)1/s(∫
ρB
( 1
w
)m/s−m
dx
)s−m/ms
≤
(∫
ρB
u− cswdx
)1/s(∫
ρB
( 1
w
)1/r−1
dx
)r−1/s
(4.7)
for all balls B with ρB ⊂  and all closed forms c. Combining (4.6) and
(4.7) we obtain(∫
B
dusw1/λdx
)1/s
≤ C3diamB−1Bm−t/mt
(∫
B
wdx
)1/λs
×
(∫
ρB
( 1
w
)1/r−1
dx
)r−1/s
×
(∫
ρB
u− cswdx
)1/s
 (4.8)
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Next, using the condition w ∈ Aλr , we have
(∫
B
wdx
)1/λs(∫
ρB
(
1/w
)1/r−1
dx
)r−1/s
≤
((∫
ρB
wdx
)(∫
ρB
(
1/w
)1/r−1
dx
)λr−1)1/λs
≤ ρBr−1/s+1/λs
×
(( 1
ρB
∫
B
wdx
)( 1
ρB
∫
ρB
(
1/w
)1/r−1
dx
)λr−1)1/λs
≤ C4ρBr−1/s+1/λs
= C5Br−1/s+1/λs (4.9)
Finally, substituting (4.9) into (4.8) we obtain
(∫
B
dusw1/λdx
)1/s
≤ CdiamB−1
(∫
ρB
u− cswdx
)1/s

This ends the proof of Theorem 4.2.
As applications of our main theorems obtained in this paper, we study
an example as follows.
Example 4.10. Let u ∈ D′∧l l = 0 1     n be a differential
form satisfying the equation
d duup−2 = 0 (4.11)
Then u satisﬁes (2.6), (3.2), and (4.3), respectively.
Proof. Let A  ×∧lRn → ∧lRn be an operator deﬁned by
Ax ξ = ξξp−2
Then Eq. (1.1) reduces to (4.11) and A satisﬁes the conditions:
Ax ξ ≤ aξp−1 and 	Ax ξ ξ
 ≥ ξp
for almost every x ∈  and all ξ ∈ ∧lRn. By Theorem 2.5, Theorem 3.1,
and Theorem 4.2, we ﬁnd that u satisﬁes (2.6), (3.2), and (4.3), respectively.
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